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Abstract
We use a covariant-like formulation of Galilei invariance in five dimensions
to obtain a model for compressible irrotational barotropic fluids with pressure
proportional to the square of the mass density. Some solutions for the one-
dimensional version of one of these equations are found by using their Lie
point symmetries. Other models of fluids are also discussed. Our purpose is
to illustrate how the Galilei-covariant formalism can serve as a guide for the
construction of non-relativistic wave equations relevant in many-body theories.

PACS numbers: 11.10.Ef, 05.60.Gg, 11.30.-j, 45.20.Jj, 67.40.Pm

1. Introduction

The problem of deriving transport (or fluid) equations has developed over the years with
the evolution of ideas and concepts in physics. A trend in treating such problems has been
adopting the notion of a field as a fundamental concept to describe the state of a fluid. The
analysis of a fluid system has then been improved in at least two distinct directions. On
the one hand, there are methods based on stochasticity [1, 2]. In this case, the usual notion
of a fluid considered as a set of individual molecules, with movement strictly controlled by
classical or quantum mechanics, has been enlarged to encompass stochastic ingredients in the
fluid state. On the other hand, the problem has been addressed via the theory of symmetry
groups and geometry [3–6]. In this case, the state of a fluid is described by elements of the
group-representation carrier space.

Following the concept of symmetry, Takahashi, for instance, has undertaken the
investigation of the non-relativistic (classical and quantum) field theory using the Galilei
invariance as a guide for constructing the underlying models [5,6]. A remarkable consequence
of this work was the foundation of a manifestly covariant Galilean approach, i.e. based on tensor
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calculus. This method, introduced via embedding of the usual Newtonian space-time into a
five-dimensional de Sitter space, was investigated more systematically later [7, 8]. Although
the idea of using a five-dimensional space already existed [9] in the literature, it was not
exploited in full (for example, see [10, 11]).

Motivation for the Galilei-covariant approach was provided by the study of liquid 4He,
in particular its superfluidity at low temperatures. In the Landau theory for superfluids [12],
elementary excitations, the so-called rotons and phonons, emerge as a consequence of the
rearrangement of the original (Galilei-invariant) Schrödinger field [13]. Moreover, the
existence of a superfluid state occurs only in the realm of low velocities. All of these features
make the Galilei transformations a central element in the Landau formalism. This observation
led Takahashi to derive, by using Galilei invariance, a non-linear equation which is claimed
to be associated with these elementary excitations. Our goal here is to explore, in particular,
such an equation, but with a new ingredient: a manifestly Galilean-covariant approach for the
non-relativistic physics. This formalism is reviewed in section 2. We introduce in section 3 a
scalar Galilei-covariant Lagrangian with an interaction term, and thereby we proceed by using
the standard techniques of field theory. In section 4, the balance equations for the system are
derived from the divergenceless energy–momentum tensor, and the Euler–Lagrange equation
provides a parameter-dependent class of equations which has the Takahashi equation as a
particular case. In section 5, we use the methods of Lie group theory applied to partial
differential equations to find particular group-invariant solutions.

2. Outline of Galilei covariance

Let us review briefly the Galilean tensor formalism [7] and set up the notation. It is based on
a five-dimensional space such that a Galilean boost acts on a vector (x, t, s) as

x′ = x − V t

t ′ = t

s ′ = s − V · x + 1
2v

2t

(1)

with relative velocity V . The dimensions of the components are

[x] = L (length)

[t] = T (time)

[s] = L2

T

(2)

so a five-vector (x1, . . . , x5), where each component has the dimension of length, can be
defined from equation (1) as

(x1, . . . , x5) =
(

x, v4t,
s

v5

)
(3)

where [v4] = [v5] = L/T . This vector transforms as

x′ = x − V

v4
x4

x ′4 = x4

x ′5 = x5 − 1

v5
V · x +

1

2

v2x4

v4v5
.

(4)

The scalar product

(A|B) = AµBµ ≡ A · B − A4B5 − A5B4 (5)
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of two five-vectors A and B is clearly invariant under equation (1). This suggests basing the
Galilean tensor calculus on the metric

gµν = gµν =




1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 −1
0 0 0 −1 0


 . (6)

Hereafter we refer to this metric as the Galilean metric.
Perhaps the easiest way to explain the motivation for the transformation of the parameter

s in equation (1) is to analyse a Galilean boost in the momentum space. Consider a single free
particle of mass m with velocity v in some reference frame. Then its momentum is p = mv

and its energy is E = 1
2mp2. In a frame moving with a relative velocity V , the momentum is

p′ = m(v − V ) = p − mV (7)

so the energy is given by

E → E′ = 1

2m
(p′)2

= 1

2m
(p − mV )2

= p2

2m
− p · V +

1

2
mV 2

= E − p · V + 1
2mV 2. (8)

Noting that the mass is invariant, that is,

m′ = m (9)

one may conclude that (p,m,E) is a five-vector which transforms as equation (1) with p, m
and E replaced by x, t and s, respectively. (Another argument in favour of the introduction of
an additional parameter, using the quasi-invariance of a Lagrangian under a Galilean boost, can
be found in [7,14].) The Galilei-covariant formulation consists in building Lagrangian models
in a five-dimensional space endowed with the Galilean metric. The resulting equations are
then projected onto the Newtonian space through an embedding, i.e. some restrictions on the
coordinates (or momenta) and the fields. A general five-momentum (p1, . . . , p5) transforms
as (p,m,E) in equations (7)–(9) and lives in a genuine five-dimensional space. An embedding
is performed, for instance, by selecting a four-dimensional surface such that p5 = p2/2p4.
This is actually what was done above in order to obtain equation (8); but a priori the variable
E can be independent of the others. In this sense the fifth coordinate s can be interpreted
physically as the canonical conjugate to p5 ∝ m, in the same way as x is conjugate to p

and t to E. (Note that the Galilean metric interchanges the covariant and the contravariant
components: p4 → −p5, p5 → −p4.)

The choice of the embedding is crucial for determining the ensuing non-relativistic
equations. Examples of embeddings that appear in the literature are

E1 : A → A =
(

A, A4,
A2

2A4

)
E2 : A → A = (A, A4, 0)

E3 : A → A =
(

A,
A4√

2
,
A4√

2

) (10)

where A belongs to the Newtonian space and A is in the five-dimensional space endowed with
the Galilean metric [8]. The embedding E1 has also been used in [3].
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In addition to xµ = (x, t, s) other Galilei vectors are pµ = (p,m,E) where E = 1
2mp2,

as well as ∂µ = (∇,−∂s,−∂t ), kµ = (k, 0, ω) etc. From these and equation (5), we
can determine Galilei invariants such as xµxµ = x · x − 2st , pµpµ = p2 − 2mE,
∂µ∂µ = ∇2 − 2∂t∂s , kµpµ = k · p − mω etc. It is to be noted that in Lorentz-invariant
theory, E2 − p2 is an invariant, equal to m2, whereas in Galilean-invariant theory there is no
such relation. However, one can take the invariant p2 − 2mE to be equal to a Galilei scalar k2

which plays a role analogous to the rest mass in Einstein’s relativity. For a free particle, one
has k2 = 0.

Finally let us mention that, from a group theoretical point of view, the central extension of
the Galilei group emerges as a subgroup of the Poincaré group in 4+1 dimensions which leaves
the scalar product, equation (5), invariant. This Poincaré algebra admits fifteen generators,
among which eleven elements generate the extended Galilei group with the central charge
being the remnant of the generator of translations in the fifth dimension [8].

3. A Galilei-covariant Lagrangian for fluids

Hereafter we illustrate the formalism described above by recovering a model for the
hydrodynamics of a compressible irrotational fluid with the barotropic condition p ∝ ρ2

where p is the pressure and ρ is the density of mass [5]. Hereafter we consider a classical
field theory defined by a manifestly Galilei-covariant Lagrangian for a scalar field φ̃ with a
potential proportional to the square of the kinetic energy term, i.e. (∂µφ̃∂µφ̃)

2. Let us write
this Lagrangian as

L = ρ0

8v2
0

(
∂µφ̃∂µφ̃ − 2v2

0

)2
(11)

where ρ0 and v2
0 are constants that guarantee the coherence of units. The Lagrangian must

satisfy the Euler–Lagrange equation

∂µ
∂L

∂(∂µφ̃)
− ∂L

∂φ̃
= 0 (12)

where µ runs from 1 to 5, and φ̃ = φ̃(x) with x a five-vector as in equation (3). The various
dimensions are

[L] = M

LT 2
(M :mass)

[∂] = 1

L

[ρ0] = M

L3

[φ̃] = L2

T

[v2
0] = [∂φ̃∂φ̃] = L2

T 2
.

(13)

The field φ̃ is a Galilei scalar; we will see in equation (29) that it is a potential for the velocity
of the fluid.

The equation of motion for the field φ̃ is

∂µ∂
µφ̃ − 1

2v2
0

(∂µ∂
µφ̃)(∂νφ̃∂

νφ̃) − 1

v2
0

(∂µφ̃)(∂νφ̃)(∂µ∂νφ̃) = 0. (14)
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The corresponding five-dimensional energy–momentum tensor is

T µν = gµνL − ∂µφ̃
∂L

∂(∂νφ̃)
µ, ν = 1, . . . , 5

= ρ0g
µν

8v2
0

(
∂αφ̃∂αφ̃ − 2v2

0

)2 − ρ0

2v2
0

∂µφ̃∂νφ̃
(
∂αφ̃∂αφ̃ − 2v2

0

)
(15)

where gµν is the Galilean metric. It is easy to check that

∂µT
µν = 0 (16)

as usual. It is clearly a symmetric tensor. The physical interpretation of each component is
given at the end of the next section.

Other Lagrangians similar to equation (11) also lead to well-known equations of physics
when analysed with the appropriate embeddings. A generalization of equation (11) is

L ∝ (
∂µφ̃∂µφ̃ + constant

)p
(17)

where p is a rational number. There are two important classes of embeddings. One is
embeddings such as x4 ∝ t , x5 ∝ s and φ̃ ≈ φ + s, which leads to

∂µφ̃∂µφ̃ → ∇φ · ∇φ + constant × ∂tφ. (18)

This embedding is used in this paper. Another class of embeddings with x4 ∝ x5 ∝ t and
φ̃ ≈ φ + s is such that

∂µφ̃∂µφ̃ → ∇φ · ∇φ + constant × (∂tφ)
2. (19)

For instance, equation (17) with p = 1 and an embedding leading to equation (19) generates
the Klein–Gordon equation and the like, e.g. the sine–Gordon equation. The sine–Gordon
equation has been used for instance in elementary particle theory [15], Bloch wall motion of
magnetic crystals [16] and propagation of magnetic flux on a Josephson line [17]. A similar
embedding with p = 1/2 leads to the Born–Infeld equation. The three-dimensional version
of the Born–Infeld equation was first investigated as a non-linear modification of the Maxwell
equations to permit the electron to appear in a natural way as a singularity [18]. Note that in
all cases the embedding at the level of the field is also crucial for determining the equations of
motion.

4. The Takahashi model for fluids

Our purpose in this section is to recover a model introduced by Takahashi in [5]. We use the
equation of motion, equation (14), with the embedding of the coordinates and field defined as

x4 ≡ v4t x5 ≡ s

v5
φ̃(x) ≡ φ(x, t) + a0s (20)

where both v4 and v5 have units of velocity and a0 is a dimensionless constant since φ̃, φ and
s have dimensions L2

T
. From this embedding we have

∇φ̃ = ∇φ ∂4φ̃ = 1

v4
∂tφ ∂5φ̃ = a0v5 ∇2φ̃ = ∇2φ

∂4∂5φ̃ = ∂5∂4φ̃ = 0 ∂5∂5φ̃ = 0 ∂4∂4φ̃ = 1

v2
4

∂2
t φ

∂4(∇φ̃) = 1

v4
∂t (∇φ) ∂5(∇φ̃) = ∇(∂5φ̃) = 0

∇(∂4φ̃) = ∂4(∇φ̃) = 1

v4
∇(∂tφ).

(21)
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This leads to equation (18). Note that whereas the field φ̃(x) is a Galilei scalar, the field φ(x, t)

transforms as the fifth component of a Galilei vector. Indeed under a Galilei transformation
we have

φ̃′(x ′) = φ′(x′, t ′) + a0s
′

= φ′(x′, t ′) + a0s − a0v · x + a0
1
2v

2t

= φ(x, t) + a0s = φ̃(x) (22)

if the field φ transforms as

φ′(x′, t ′) = φ(x, t) + a0v · x − a0
1
2v

2t. (23)

Then the Lagrangian takes the form

L = ρ0

2v2
0

(
1

2
∇φ · ∇φ − a0

v5

v4
∂tφ − v2

0

)2

(24)

and the equations of motion, equation (14), become

v2
0∇2φ − a2

0

v2
5

v2
4

∂2
t φ = f (φ) (25)

where

f (φ) = ∇2φ

(
1

2
∇φ · ∇φ − a0v5

v4
∂tφ

)
+

1

2
∇φ · ∇ (∇φ · ∇φ) − 2

a0v5

v4
∇(∂tφ) · ∇φ.

(26)

Observe that by neglecting the non-linear terms in equation (25), i.e. with f (φ) = 0, one
obtains the wave equation with velocity

∣∣ v4v0
a0v5

∣∣. However, the non-linear terms ensure Galilean
invariance of the equation.

The equation of motion can be expressed as a continuity equation:

∂tρ + ∇ · J = 0 (27)

with the current density given as

J = ρv = − v4

a0v5
ρ∇φ (28)

so one has

v ≡ − v4

a0v5
∇φ. (29)

Thus equation (27) can be expressed in terms of the density ρ:

∂tρ − v4

a0v5
∇ρ · ∇φ − v4

a0v5
ρ∇2φ = 0 (30)

with

ρ = − ∂L
∂∂tφ

= ρ0a0v5

v2
0v4

(
1

2
∇φ · ∇φ − a0

v5

v4
∂tφ − v2

0

)
. (31)

If we define

a0 = −1 (32)

which is suggested by requiring that the field φ of equation (23) transforms exactly as the
component s in equation (1), as well as

v4 = v5 (33)
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then equation (25) becomes

v2
0∇2φ − ∂2

t φ = ∇2φ
(

1
2∇φ · ∇φ + ∂tφ

)
+ 1

2∇φ · ∇ (∇φ · ∇φ) + 2∇(∂tφ) · ∇φ (34)

which is the equation (5.40) obtained by Takahashi in [5]. Note that other values of a0 are
possible; for instance a0 = +1 corresponds to the field transforming under a Galilean boost
towards the negative direction. By neglecting the non-linear terms, i.e. the right-hand side, we
obtain the wave equation with velocity |v0|. With these choices the Lagrangian reduces to

L = ρ0

2v2
0

(
1

2
∇φ · ∇φ + ∂tφ − v2

0

)2

(35)

and the density becomes

ρ = −ρ0

v2
0

(
1

2
∇φ · ∇φ + ∂tφ − v2

0

)
. (36)

The velocity field reduces to the familiar expression v = ∇φ.
With the embedding defined in equation (20) and noting that

∂4φ̃ = −∂5φ̃ = −a0v5 and ∂5φ̃ = −∂4φ̃ = − 1

v4
∂tφ (37)

the various components of the energy–momentum tensor, equation (15), have the form

T ij = −∂iφ∂jφ(π − ρ0) + δij
v2

0

2ρ0
(π − ρ0)

2

T i4 = a0v5∂iφ(π − ρ0)

T i5 = 1

v4
∂tφ∂iφ(π − ρ0)

T 44 = −a2
0v

2
5(π − ρ0)

T 45 = − v2
0

2ρ0
(π − ρ0)

2 − a0
v5

v4
∂tφ(π − ρ0)

T 55 = − 1

v4
(∂tφ)

2(π − ρ0)

(38)

where the canonical momentum of φ is given as

π − ρ0 = ρ0

v2
0

(
1

2
∇φ · ∇φ − a0

v5

v4
∂tφ − v2

0

)
. (39)

Then to get the flow equations, we express the components of T µν in terms of energy density,
E(x), momentum density, pi(x) = Ji(x), energy flow, Tij (x), momentum flow, J (e)

i (x), and
the density of mass, J0(x), as

T ij (x) = Tij (x) T i5(x) = 1

v4
J

(e)
i

T i4(x) = −a0v5pi(x) = −a0v5Ji(x)

T 45(x) = E(x) T 44(x) = −a0
v5

v4
J0(x).

(40)

Then it is easy to check that the flow equations are satisfied:

∂tJ0(x) + ∂iJi(x) = 0

∂tpi(x) + ∂jTji(x) = 0

∂tE(x) + ∂iJ
(e)
i (x) = 0.

(41)
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These equations may be cast into a form that give the basic equations of hydrodynamics. Note
that T 55 appears as an auxiliary component since it does not play any role in the balance
equations; it can be seen simply as a remnant of the fifth dimension.

To conclude this section, note that the two other models discussed in [6] for the description
of a barotropic irrotational fluid can be written in a Galilei-covariant form by using an
embedding as in equation (18). The first is given by

L = 1

γ
ρ0v

2
0

(
− 1

v2
0

$(x)

) γ

γ−1

(42)

where $(x) = 1
2∇φ · ∇φ + ∂tφ, and it describes a fluid with pressure p proportional to ργ .

The other Lagrangian is

L = ρ0v
2
0 exp

(
− 1

v2
0

$(x)

)
(43)

and leads to the barotropic condition p = constant × ρ.

5. Solutions of Takahashi wave equations

In this section we investigate the solutions of equation (34) in one dimension (i.e. φ = φ(x, t))
and discuss briefly the three-dimensional case. We first perform an analysis of the symmetry
Lie group of the wave equations. By the ‘symmetry group of a system of differential equations’,
we mean the largest local Lie group of point transformations that acts on the independent and
dependent variables of the system and leaves invariant its solution set. In other words, it
transforms solutions into other solutions.

5.1. Lie analysis of the wave equations

The purpose of this section is to set up the notation and provide a brief review of the Lie
analysis of differential equations such as are described with more detail e.g. in [19]. Consider
a system of m partial differential equations of order k with p independent variables {x} and q

dependent variables {u}:
'a(x, u(k)) = 0 a = 1, . . . , m (44)

with

x = (x1, . . . , xp) ∈ X ∼ Rp (45)

and

u = (u1, . . . , uq) ∈ U ∼ Rq (46)

where u(k) = {u, u(1), . . . , u(k)} denotes all the derivatives up to order k for all the ul

(l = 1, . . . , q). We use the notation ux , uxx etc to denote the partial derivatives ∂xu, ∂xxu

etc. By definition, the symmetry group G of the system, equation (44), acts on the base space

M ⊆ X × U (47)

as

G : M → M
(x, u) → (x̃, ũ) = (*g(x, u),+g(x, u)) (48)

so equation (44) is invariant. The mappings *g and +g are diffeomorphisms of the base space
M and g ∈ G represents the parameters of the transformation.
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We consider functions

f : X → U
ul = f l(x1, . . . , xp) l = 1, . . . , q (49)

and their kth prolongations

pr(k)f (x) ≡ {f, fx, fxx, . . . , fxk } (50)

where fxk means fxi1,...,xik
, i.e. kth-order derivatives. They give rise to the space U (k) =

U × U(1) × · · · × U(k), where U(k) denotes the space of all kth-order derivatives. This provides
us with the kth-order jet space

M(k) = X × U (k). (51)

The action, equation (48), of the group G on the base space M naturally induces an action on
the jet space M(k). This leads to the kth-order prolongation of the group action

pr(k)G : {x, f (x), fx, . . . , fxk } → {
x̃, f̃ (x̃), f̃x̃ , . . . , f̃x̃k

}
. (52)

Rather than looking directly for the (in general, non-linear) transformations in
equation (48) that leave the system of equation (44) invariant, Lie’s approach consists in
studying the linear infinitesimal transformations

x̃ = x + εη(x, u) + O(ε2)

ũ = u + εϕ(x, u) + O(ε2).
(53)

Therefore, rather than looking for the whole symmetry group G, we find its Lie algebra L

realized in terms of the vector fields

v =
p∑

i=1

ηi(x, u)
∂

∂xi

+
q∑

l=1

ϕl(x, u)
∂

∂ul
. (54)

The coefficients ηi and ϕl do not depend on the derivatives ux , uxx etc since we have restricted
ourselves to point transformations. They are determined by the condition that v belongs to L

if its kth prolongation pr(k)v annihilates the system equation (44) on its solution surface:

pr(k)v · 'a(x, u(k))|'b=0 a, b = 1, . . . , m (55)

where

pr(k)v = v +
q∑

l=1

∑
J

ψJ
l (x, u

(k))
∂

∂ul
J

. (56)

The multi-index J = (j1, . . . , jp) characterizes the higher-order derivatives of ul . For instance
ji is the number of times ul is differentiated with respect to xi . We may use the notation

ul
J = ∂ |J |ul

∂x
j1
1 · · · ∂xjp

p

(57)

where |J | = j1 + · · · + jp. The coefficients ψJ
l can be obtained through the recursive formula

ψ
J+Ji

l = Diψ
J
l −

p∑
j=1

(
Diη

j (x, u)
) = ul

J+Jj
|J | � 1 (58)

starting from the coefficients of the first prolongation

ψ
Ji

l = Diϕl(x, u) −
p∑

j=1

(
Diη

j (x, u)
)
ul
Jj
. (59)
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The Ji are p-tuples with 1 at the ith position and zeros elsewhere, and Di is the total derivative
operator

Di = ∂

∂xi

+
q∑

l=1

∑
J

ul
J+Ji

∂

∂ul
J

0 � |J | � k. (60)

More details, as well as examples, can be found in Olver’s textbook and the references
therein [19]. The algorithm is straightforward and has been implemented on computer;
hereafter we use such a program [20], so we present only the vector fields underlying the
symmetry Lie algebra and then proceed with the symmetry reduction of the equations and the
investigation of their solutions.

5.2. One-dimensional wave equation

The one-dimensional version of equation (34) is

v2
0∂xxφ − ∂ttφ = 3

2∂xxφ(∂xφ)
2 + ∂xxφ∂tφ + 2∂xtφ∂xφ. (61)

In terms of equations (44)–(46), here we have m = 1, p = 2, q = 1 and k = 2. The symmetry
analysis described in the previous section provides the vector fields, equation (54):

v1 = ∂t

v2 = ∂φ

v3 = ∂x

v4 =
(
t − φ

v2
0

)
∂φ − x

2v2
0

∂x

v5 = x∂φ + t∂x

v6 = x∂x + t∂t + φ∂φ.

(62)

Each one of them generates a one-parameter subgroup of equation (61) through the action of
exp (εvi ) on the space of variables (x, t, φ), with ε being a real number which parametrizes
the group. The non-zero commutation relations among these vector fields are

[v1, v4] = v2 [v1, v5] = v3 [v1, v6] = v1

[v2, v4] = − 1

v2
0

v2 [v2, v6] = v2 [v3, v4] = − 1

2v2
0

v3

[v3, v5] = v2 [v3, v6] = v3 [v4, v5] = 1

2v2
0

v5.

(63)

This is a solvable and non-nilpotent Lie algebra. If φ = f (x, t) is a solution of equation (61),
then the subgroups generated by the vector fields in equation (62) imply that so are the functions

φ(1) = f (x, t − ε)

φ(2) = f (x, t) + ε

φ(3) = f (x − ε, t)

φ(4) = v2
0 t

(
1 − e−ε/v2

0
)

+ e−ε/v2
0f (eε/2v2

0x, t)

φ(5) = εx − 1
2ε

2t + f (x − εt, t)

φ(6) = eεf (e−εx, e−εt)

(64)

respectively. Moreover this implies that new solutions can be obtained from known solutions.
For each such one-parameter subgroup of the full symmetry group there exists a class of group-
invariant solutions which can be found from a reduced ordinary differential equation, which
depends on the subgroup selected (see [19], chapter 3). Some important examples are analysed
in the following subsections.
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Note that in the limit where v2
0 approaches infinity, the equations (34) and (61) become the

Laplace equation, so propagation is lost and the fluid becomes static. From the point of view
of the vector fields in equation (62), v4 reduces to t∂φ and the Lie algebra of equation (63) is
replaced by the Lie algebra for which the commutators [v2, v4], [v3, v4] and [v4, v5] vanish.
Correspondingly the transformed function φ(4) is reduced to

φ(4) = f (x, t) + εt. (65)

5.2.1. Travelling-wave solutions. These are group-invariant solutions arising from a
symmetry subgroup which is a translation group on the space of independent variables. The
associated vector field is

v = v1 + cv3 = ∂t + c∂x (66)

where c is a constant. Group invariants of this subgroup include

y = x − ct v = φ (67)

since vy = 0 = vv. This allows a search for solutions of the form φ = f (x−ct), or v = f (y),
so one has to replace (using the notation φy to denote the derivative of φ with respect to y etc)

∂xφ = φy ∂tφ = −cφy (68)

in equation (61) to obtain(
v2

0 − c2 − 3
2 (φy)

2 − 3cφy

)
φyy = 0. (69)

This is satisfied wheneverφyy or the expression in the parenthesis vanishes. The first possibility
implies that φ is linear in y = x − ct with the result that

φ(x, t) = k1(x − ct) + k2 (70)

is a (travelling-wave) solution of equation (61). If we consider the case where the expression
in the parenthesis of equation (69) vanishes, we have the solution

φy = −c ±
√

c2 + 2v2
0

3
= constant. (71)

Integrating over y and substituting in terms of x and t , we obtain another solution:

φ(x, t) =

−c ±

√
c2 + 2v2

0

3


 (x − ct) + k (72)

where k is an arbitrary constant. This solution is a rather trivial solution of equation (61) since
the second-order derivatives all vanish identically. Note also that this solution is identical to
equation (70).

Note that another travelling-wave solution is obtained by considering the subgroup
generated by

v = v3 + cv2 = ∂x + c∂φ. (73)

It admits the invariants

y = t v = φ − cx (74)

with c a non-zero constant. Then equation (61) is reduced to vyy = 0, with the solution
v = k1y + k2, so

φ(x, t) = k1t + cx + k2. (75)
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5.2.2. Scale-invariant solutions. Here we consider the subgroup generated by v6 and which
acts as

exp(εv6)(x, t, φ) = (eεx, eεt, eεφ). (76)

Let us choose the two invariants as

y = x

t
v = φ

t
(77)

so that

∂tφ = −yvy + v ∂xφ = vy

∂ttφ = y2

t
vyy ∂xtφ = −y

t
vyy

∂xxφ = 1

t
vyy.

(78)

Using these expressions, equation (61) becomes an ordinary first-order differential equation:

(vy)
2 − 2yvy + 2

3

(
v + y2 − v2

0

) = 0. (79)

If we introduce a new dependent variable

w ≡ v − v2
0 − 1

2y
2 (80)

then equation (79) becomes

(wy)
2 + 2

3w = 0 (81)

which admits the general solution

w = −1

6
y2 ± i

√
2

3
ky + k2. (82)

Substituting this expression back into equations (80) and (77) we find

φ(x, t) = 1

3

x2

t
+ (v2

0 + k2)t ± i

√
2

3
kx. (83)

5.2.3. Solutions invariant under v5. The two invariants are

y = t v = x2 − 2tφ (84)

since v5y = 0 = v5v. From this, the partial derivatives become

∂xφ = x

y
∂tφ = v − x2

2y2
− vy

2y

∂xxφ = 1

y
∂xtφ = − x

y2

∂ttφ = x2 − v

y3
+

vy

y2
− vyy

2y

(85)

so equation (61) is reduced to the ordinary equation

vyy − 1

y
vy +

1

y2
v + 2v2

0 = 0. (86)

This can be solved by defining a new dependent variable

u = v/y (87)
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so that equation (86) reduces to

yuyy + uy + 2v2
0 = 0 (88)

which can be written as a first-order equation:

ywy + w = 0 (89)

by defining w ≡ uy + 2v2
0 . Its solution is

w = k1/y (90)

so by solving equation (88) for u and then equation (87) for v we obtain

v = k1y ln y − 2v2
0y

2 + k2y (91)

where k1 and k2 are constants of integration. By substituting back into the second part of
equation (84) we find

φ(x, t) = x2

2t
− k1

2
ln t + v2

0 t − k2

2
. (92)

5.2.4. Solutions invariant under v4. The interest of the one-parameter subgroup generated
by the vector field v4 is that it involves v2

0 . The two invariants are

y = t v = φ − v2
0 t

x2
. (93)

This leads to the substitutions

φ = x2v + v2
0 t φx = 2xv φt = x2vy + v2

0

φxx = 2v φxt = 2xvy φtt = x2vyy

(94)

which reduce equation (61) to

vyy + 10vvy + 12v3 = 0. (95)

This equation is of the form discussed in section 14.31 of [21]: it corresponds to the ‘case (i)’
with A = −10, C = −12 and all the other coefficients equal to zero. A solution is given by

v = c

y + k
c = 1/2 or 1/3 (96)

where k is a constant of integration. We find, by replacing this solution into equation (93), that

φ(x, t) = cx2

t + k
+ v2

0 t c = 1/2 or 1/3. (97)

To summarize, let us note that all the group-invariant solutions involve combinations of
terms linear in x and t , as well as x2

t
and ln t . Whereas the appearance of the linear terms is

expected because every term of equation (61) contains a second-order derivative, the multiple
occurrences of x2

t
seem related to the fact that the field φ transforms as the spatial component

s in equation (1) which in turn is often defined within the embedding as x2

2t .

5.3. Three-dimensional wave equation

It is not our aim to perform a rigorous study of the three-dimensional equation (34). Indeed
the Lie analysis represents a formidable task even for a computerized algorithm. Among the
vector fields generating the symmetry group we clearly have the translations

∂x, ∂y, ∂z, ∂t , ∂φ (98)
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since we can replace each variable by adding to it a constant without modifying the
equation (34). The symmetry Lie algebra also admits the dilation vector field

x∂x + y∂y + z∂z + t∂t + φ∂φ (99)

because multiplying the five variables by a same factor just brings a global multiplicative
constant in front of the equation. The equation is also invariant under rotations about the three
axes:

y∂z − z∂y z∂x − x∂z x∂y − y∂x. (100)

Here let us just show how to investigate the group-invariant solutions generated by the last
vector field, i.e. the rotations about the z-axis. We can take the invariants as

r =
√
x2 + y2, z, t and φ. (101)

The derivatives become

φx = φr

x

r
φxx = φr

r
+

(
φrr − φr

r

) (x

r

)2

φxy =
(
φrr − φr

r

)
xy

r2
φxz = φrz

x

r
φxt = φrt

x

r

(102)

the remaining derivatives involving y being obtained from those with respect to x by replacing
x with y. From these expressions, equation (34) is reduced to an equation depending only on
r , t and z:

(v2
0 − 1)

(
φrr +

φr

r
+ φzz

)
− φtt − 1

2

(
φrr +

φr

r
+ φzz

)
(φ2

r + φ2
z )

−φrrφ
2
r − φ2

z φzz − 2φrφzφrz − 2φrφrt − 2φzφzt = 0. (103)

6. Concluding remarks

In this paper we have illustrated the use of a covariant-like formulation of Galilean invariance
in five dimensions by investigating a model for compressible irrotational barotropic fluid with
pressure proportional to the square of the density of mass. Other similar models have also
been mentioned. The field φ(x, t) is the velocity potential for the fluid moving with velocity
∇φ with respect to the observer. The equations obtained here can therefore be interpreted as
describing the phonon in the fluid moving with this velocity.

Clearly the Galilei-covariant formalism can serve as a guide for constructing other non-
relativistic field equations. Here let us just illustrate this point with two equations for fluids:
the diffusion equation, and the Chaplygin gas model. The first one is obtained by considering
a Lagrangian

Ldiff = 1
2ε∂µρ̃∂

µρ̃ − 1
2f (x)ρ̃2 (104)

in terms of the field ρ̃(x), where f (x) is a function of the five-vector x. The Euler–Lagrange
equation gives

ε∂µ∂µρ̃ = −f (x)ρ̃. (105)

If we use the embedding given by equation (20) for x4 and x5 with v4 = v5 = v0, define

ρ̃(x) = exp
( v0

2D
s
)
ρ(x, t) (106)

and choose f (x) = f (x, t), then equation (105) becomes the well-known diffusion equation,
with diffusion coefficient D:

∂tρ − D∇2ρ = D

ε
f (x, t)ρ. (107)
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The Chaplygin model (see [4], or section 108 of Laudau and Lifshitz’s textbook [12]) can
be obtained from the Lagrangian density for two fields, φ̃ and ρ̃:

LChapl = 1
2j

µ∂µφ̃ + V (ρ̃) (108)

where jµ is the mass current density, ρ̃∂µφ̃ and V (ρ̃) is a potential which depends only on ρ̃.
Let us consider the special case

V (ρ̃) = λ

ρ̃
λ > 0 (109)

which is the Chaplygin gas potential, with enthalpy V ′ = − λ
ρ̃2 , negative pressure p = − 2λ

ρ̃

and speed of sound
√

2λ
ρ̃

. We derive, by using the Euler–Lagrange equation for ρ̃ and the
embedding of equation (20), the Bernouilli equation:

∂tφ +
1

2
|∇φ|2 = λ

ρ2
. (110)

The equations of motion for φ̃ give us the equation of continuity

∂tρ + ∇ · (ρ∇φ) = 0. (111)

We have taken ρ̃(x) = ρ(x, t). The Chaplygin equation is used to describe certain deformable
bodies.

Finally, another equation of considerable interest in physics is the non-linear Schrödinger
equation. It can be obtained from the manifestly Galilei-covariant Lagrangian

LNLS ∝ ∂µψ̃∂µψ̃∗ − 1
2k(ψ̃ψ̃∗)2 (112)

with the embedding given by equation (20) for x4 and x5 but

ψ̃(x) = eimsψ(x, t) (113)

for the field. This equation is related to the time-dependent Landau–Ginzburg theory of
superconductivity [23] and has been used to describe the self-modulation of a monochromatic
wave [24] and Langmuir waves in plasmas [25], among other applications.
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Ann. Phys., NY 277 144–58

de Montigny M, Khanna F C and Santana A E 2001 Galilean covariance and applications in physics Recent
Research Developments in Physics (Trivandrum: Transworld Research Network) pp 45–92

[9] Fuschich W I and Nikitin A G 1994 Symmetries of Equations in Quantum Mechanics (New York: Allerton)
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